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In this paper, the delay-dependent synchronization of general complex delayed dynamical
networks is investigated. The corresponding inner-function can be linear and nonlinear
with different time delays in states. Based on delay differential inequality, some simple
and useful criteria for synchronization to be delay-dependent exponentially stable are
presented. They provide concrete bounds of the delays in terms of explicit expression.
Numerical simulations show the effectiveness and feasibility of the proposed synchronous
conditions.
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1. Introduction
Now, complex networks have been a subject of considerable interest within the science and technology communities.
Among them, Control and synchronization of complex dynamical networks are highly hot topics attracting much attention.
Synchronization in large-scale networks of coupled chaotic systems has been discussed in the past decade [1–5]. However,
most of the networks in the existing literature do not involve any time delays. As amatter of fact, time delays exist commonly
in the real applications. A signal or influence traveling through a network is often associated with time delays. For instance,
they are usually caused by finite signal transmission speeds andmemory effects, finite speeds of transmission and spreading
as well as traffic congestions. The time delay problem is an important issue to be investigated, especially in biological and
physical networks [6–8]. In order to simulate more realistic complex networks, the influences of time delays should be
considered. The introduction of time delays makes dynamical behaviors of the networks much more complicated.
Recently, there are many studies on dynamical networks with time delays. Li, et al. investigated synchronization
phenomena in small-world networks of oscillators and coupled map lattices with the coupling delays [9,10]. In addition,
Chen and Zhou, et al. are concerned with the robust synchronization problems in a general model of coupled delayed
recurrent neural networks, where each dynamical node of the networks is a delayed Hopfied neural networks or delayed
cellular neural networks (CNNs) [11,12]. Lu and Chen [13] discussed local and global synchronization for coupled delayed
neural networks in detail.
Some synchronization criteria of complex networks are derived in [14,15] for both delay-independent and delay-
dependent exponential stability of the synchronous state. Both of them have discussed continuous complex dynamical
networks with the same time delays in the whole network and linear inner-coupling functions. In particular, [14] has not
provided concrete bounds of the delay time, while [15] has shown a threshold of the coupling delays.
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In this paper, wewill investigate delay-dependent synchronization dynamics of complex dynamical networks withmore
general inner-coupling functions than Refs. [14,15]. Furthermore, different time delays are allowed for different nodes of
the networks. Some simple criteria of delay-dependent, which ensure the networks to be exponentially synchronized, are
derived. They are simple and easy to use. Further, bounds for delay time are also obtained.
The rest of this paper is organized as follows. In Section 2, models of complex delayed dynamical networks with general
inner-coupling functions are presented, and some mathematical preliminaries and definitions are introduced. The delay-
dependent synchronization of the networks with general inner-coupling functions with same time delays is studied in
Section 3. In Section 4, some simple criteria for delay-dependent synchronization of the networks with general inner-
coupling functions with different time delays are derived. A network with delays is used as an example to illustrate the
theoretical results in Section 5. The brief comments are presented in Section 6.
2. Model description and preliminaries
2.1. Model description
Consider a general complex network consisting of N linearly and diffusively coupled identical nodes. Each node of the
network is an n-dimensional dynamical system. The state equations of the entire network are
x˙i˙ = f (xi)+ c
N∑
j=1
GijH
(
xj(t − τ)
)
, i = 1, 2, . . . ,N (1)
where f : Rn → Rn is continuously differentiable, xi = (xi1, xi2, . . . , xin)T ∈ Rn and xj (t − τ) = (xj1(t − τ), xj2 (t − τ) , . . . ,
xjn(t − τ))T ∈ Rn are the state variables of node i and j respectively. τ is the time delay of each node. The constant c > 0 is
the coupling strength. G = (Gij)N×N is the coupling configuration matrix of the network, in which Gij is defined as follows:
if there is a connection between node i and j (j 6= i), then Gij = Gji = 1; otherwise, Gij = Gji = 0 (j 6= i), and the diagonal
elements of the matrix G are defined by
Gii = −
N∑
j=1
j6=i
Gij = −
N∑
j=1
j6=i
Gji, i = 1, 2, . . . ,N. (2)
H : Rn → Rn is the inner-coupling function and also continuously differentiable. Especially, when it is linear, model (1) can
be described by
x˙i˙ = f (xi)+ c
N∑
j=1
GijAxj(t − τ), i = 1, 2, . . . ,N, (3)
where A = (aij)n×n ∈ Rn×n is inner-connectingmatrix in each node. It is just the samemodel as discussed in [15]. In addition,
if the time delays are different in network (1), model (1) can be described by
x˙i˙ = f (xi)+ c
N∑
j=1
GijH
(
xj
(
t − τ ∗)) , i = 1, 2, . . . ,N (4)
where τ ∗ is a variable of delay in xj such that xj (t − τ ∗) =
(
xj1 (t − τ1) , xj2 (t − τ2) , . . . , xjn (t − τn)
)T ∈ Rn. That is, each
element of xj has different delay. And if H is linear, model (4) can be described by
x˙i˙ = f (xi)+ c
N∑
j=1
GijAxj
(
t − τ ∗) , i = 1, 2, . . . ,N. (5)
Suppose the connectionmatrix G is symmetric and irreducible. According to [14, Lemma 1], the eigenvalues of thematrix
G are 0 = λ1 > λ2 ≥ · · · ≥ λN . Then, there exists a unitary matrixΦ = (Φ1,Φ2, . . . ,ΦN), such that
GTΦk = λkΦk, k = 1, 2, . . . ,N. (6)
Remark 1. In this paper, we will mainly discuss the delay-dependent synchronization of system (1) and system (4).
Generally, the delayed dynamical networks (1) and (4) are said to archive synchronization if
x1(t) = x2(t) = · · · = xN(t) = s(t), as t →∞, (7)
where s(t) ∈ Rn is a solution of an isolate node, namely
s˙(t) = f (s(t)) . (8)
Clearly, the synchronization of system (1) and (4) are determined by the dynamics of the isolate node, the coupling
strength c , the inner-coupling functions H , the outer-coupling matrix G, and the delays of each node.
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Remark 2. Let B(t) def= Df (s (t)) = (bij(t))n×n ∈ Rn×n be the Jacobian of f (x(t)) on s(t). In this sequel, we always assume
that ‖B(t)‖ < +∞ and ∣∣bij(t)∣∣ < +∞ for all t ∈ R.
Remark 3. Let M (t − τ) def= DH (s (t − τ)) = (mij(t − τ))n×n ∈ Rn×n be the Jacobian of H (x (t − τ)) on s(t − τ). And
likewise, we always assume that ‖M(t − τ)‖ < +∞ and ∣∣mij (t − τ)∣∣ < +∞ for all t ∈ R.
2.2. Preliminaries
In order to demonstrate this paper clearly, some notations will be used in the following.
¬ The norm of a vector u is defined as ‖u‖ = (uTu)1/2;
­ The spectral norm of a matrix A ∈ Rn×n is defined as ‖A‖ = (max λi1≤i≤n)1/2, λi is an eigenvalues of ATA;
® If B(t) = (bij(t))n×n, where every bij(t) is a continuous function with ∣∣bij(t)∣∣ < +∞, then B¯ = (b¯ij)n×n is a matrix with
b¯ij = supt∈R bij(t) (i, j = 1, 2, . . . , n);
¯ C s = 12
(
C + CT) : symmetric part of C .
For the later use, we need delay differential inequality.
Lemma 1 ([16]). Assume that x(t) is a nonnegative continuous function on [t0, t], and satisfies the inequality
D+ (x(t)) ≤ −ax(t)+ bx¯(t),
where a > b > 0 and x¯(t) = supt−τ≤s≤t {x (s)} , τ > 0 is constant. Then
x(t) ≤ x¯ (t0) e−λ(t−t0), t ≥ t0,
where λ is the only positive root of the transcendental equation
λ = a− beλτ .
3. Delay-dependent synchronization of network (1)
In this section, we will address the delay-dependent synchronization criteria of system (1).
Theorem 1. Consider the delayed dynamical network (1). If the following N − 1 of n-dimensional linear time-varying delayed
differential equations
v˙i(t) = B(t)vi(t)+ cλiM(t − τ)vi(t − τ), i = 2, 3, . . . ,N, (9)
are asymptotically stable about their zero solutions, then the synchronized states (7) are asymptotically exponentially stable for
the delayed network (1).
Proof. Let ηi(t) = xi(t)− s (t) ∈ Rn (i = 1, 2, . . . ,N), then
η(t) = (η1(t), η2 (t) , . . . , ηN(t)) ∈ Rn×N .
Linearizing network (1) about s(t), we have
η˙i(t) = B(t)ηi(t)+ c
N∑
j=1
GijM(t − τ)ηj (t − τ) , i = 1, 2, . . . ,N. (10)
Since f and H are continuous differentiable, it is easy to know that the synchronized states (7) are asymptotically
exponentially stable if system (10) is asymptotically exponentially stable. From (10), we have
η˙(t) = B(t)η(t)+ cM(t − τ)η(t − τ)GT. (11)
According to Eq. (5), letting v(t) = (v1 (t) , v2(t), . . . , vN(t)) = η(t)Φ ∈ Rn×N , we have the following matrix equations
v˙(t) = B(t)v(t)+ cM (t − τ) v(t − τ)Γ , (12)
where Γ = diag(λ1, λ2, . . . , λN). Note that λ1 = 0, we have, which is corresponding to the synchronization of the system
states (7). Therefore, from (12), we only need the following N − 1 pieces of n-dimensional linear time-varying delayed
differential equations
v˙i(t) = B(t)vi(t)+ cλiM(t − τ)vi(t − τ), i = 2, 3, . . . ,N, (13)
to be asymptotically stable. Hence, η(t) will tend to the origin asymptotically, which implies that network (1) is
asymptotically stable.
Theorem 1 is proved. 
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Based on Theorem 1 and Lemma 1, a sufficient condition for ensuring the stability of the synchronized states of network
(1) is derived in this section.
Theorem 2. Assume that P is a positive-definitematrixwithα1 andαn, which is the smallest and largest eigenvalues, respectively.
β is a positive constant such that
(PB(t)+ cλkPM(t − τ))s ≤ −βIn, k = 2, 3, . . . ,N, (14)
then the synchronized states (7) are asymptotically exponentially stable for the delayed network (1) with any fixed delays
τ ∈ (0, τ¯ ), where
τ¯ = 2βα1
c |λN | (α1 + αn) ‖P‖
∥∥M¯∥∥ (∥∥B¯∥∥+ c |λN | · ∥∥M¯∥∥) < +∞. (15)
Proof. Rewrite (13) as
v˙k(t) = (B(t)+ cλkM(t − τ)) vk(t)−
∫ t
t−τ
cλkM(t − τ)v˙k (s) ds, k = 2, 3, . . . ,N. (16)
Define
Wk(t) = vTk (t)Pvk(t), k = 2, 3, . . . ,N. (17)
The Dini derivation of (17) along (16) is
D+Wk(t) =
[
(B(t)+ cλkM(t − τ)) vk(t)−
∫ t
t−τ
cλkM(t − τ)v˙k (s) ds
]T
Pvk(t)
+ vTk (t) · P ·
[
(B(t)+ cλkM(t − τ)) vk(t)−
∫ t
t−τ
cλkM(t − τ)v˙k (s) ds
]
= 2vTk (t) (PB(t)+ cλkPM (t − τ))s vk(t)− 2cλkvTk (t) · PM(t − τ) ·
∫ t
t−τ
v˙k (s) ds
≤ 2vTk (t) (PB(t)+ cλkPM(t − τ))s vk(t)+ 2c |λk| ‖P‖
∥∥M¯∥∥
×
∣∣∣∣∫ t
t−τ
vTk (t) (B (s) vk (s)+ cλkM (s− τ) vk (s− τ)) ds
∣∣∣∣
≤ −2βvTk (t)vk(t)+ 2c |λk| ‖P‖
∥∥M¯∥∥ ∫ t
t−τ
(∥∥B¯∥∥ vTk (t)vk (s)+ c |λk| ∥∥M¯∥∥ vTk (t)vk (s− τ)) ds
≤ −2βvTk (t)vk(t)+ c |λk| ‖P‖
∥∥M¯∥∥ ∫ t
t−τ
[∥∥B¯∥∥ (vTk (t)vk(t)+ vTk (s) vk (s))] ds
+ c |λk| ‖P‖
∥∥M¯∥∥ ∫ t
t−τ
[
c |λk|
∥∥M¯∥∥ (vTk (t)vk(t)+ vTk (s− τ) vk (s− τ))] ds
≤ −2βvTk (t)vk(t)+ c |λk| ‖P‖
∥∥M¯∥∥ ∫ t
t−τ
(∥∥B¯∥∥+ c |λk| ∥∥M¯∥∥) vTk (t)vk(t)ds
+ c |λk| ‖P‖
∥∥M¯∥∥ ∫ t
t−τ
(∥∥B¯∥∥+ c |λk| ∥∥M¯∥∥) sup
t−2τ≤s≤t
vTk (s) vk (s) ds
≤ 1
αn
(−2β + τ c |λk| ‖P‖ ∥∥M¯∥∥ (∥∥B¯∥∥+ c |λk| ∥∥M¯∥∥))Wk(t)
+ 1
α1
(
τ c |λk| ‖P‖
∥∥M¯∥∥ (∥∥B¯∥∥+ c |λk| ∥∥M¯∥∥)) sup
t−2τ≤s≤t
Wk (s) .
According to delay differential inequality (Lemma 1), when
τ <
2βα1
c |λN | (α1 + αn) ‖P‖
∥∥M¯∥∥ (∥∥B¯∥∥+ c |λN | · ∥∥M¯∥∥) < +∞,
we can find λ > 0 and W¯k (t0) for t > t0, such that
Wk(t) ≤ W¯k (t0) e−λ(t−t0), k = 2, 3, . . . ,N.
The proof is complete. 
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The above result is a delay-dependent stability criterion in terms of explicit expression, which can be easily used.
According to Theorem 2, we can obtain a corollary for network (3).
Corollary 1. Consider network (3), suppose P is a positive-definite matrix, andα1 andαn are the smallest and largest eigenvalues,
respectively. β is a positive constant such that
(PB(t)+ cλkPA)s ≤ −βIn, k = 2, 3, . . . ,N, (18)
then the synchronized states (7) are asymptotically exponentially stable for the delayed network (3) with any fixed delays
τ ∈ (0, τ¯ ), where
τ¯ = 2βα1
c |λN | (α1 + αn) ‖PA‖
(∥∥B¯∥∥+ c |λN | · ‖A‖) < +∞. (19)
With the similar method used in the proof of Theorem 2, we can derive a delay-dependent stability criterion for network (4) in
the next section.
4. Delay-dependent synchronization of network (4)
In Section 3,we have discussed delay-dependent synchronization of general networkwith the same time delay. However,
different time delay always exists in the network system. Therefore, we will provide a delay-dependent stability criterion
of this kind of network in this section.
Theorem 3. Consider the delayed dynamical network (4). If the following N − 1 of n-dimensional linear time-varying delayed
differential equations
v˙i(t) = B(t)vi(t)+ cλiM
(
t − τ ∗) vi (t − τ ∗) , i = 2, 3, . . . ,N (20)
are asymptotically stable about their zero solutions, then the synchronized states (7) are asymptotically exponentially stable for
network (4).
Proof. The proof is similar to that of Theorem 1, so it is omitted here. 
Remark 4. In order to derive the criterion clearly, we need to denote a = max1≤i,j≤n b¯ij and b = max1≤i,j≤n m¯ij.
Theorem 4. Assume that there are n positive numbers αi (i = 1, 2, . . . n) and a positive number β for all k = 2, 3, . . . ,N, such
that
αj
(
bjj(t)+ cλkmjj
(
t − τ ∗))+ n∑
i=1
i6=j
αi
(
bij(t)+ cλkmij
(
t − τ ∗)) ≤ −β, j = 1, 2, . . . , n (21)
then the synchronized states (7) are asymptotically exponentially stable for the delayed network (3) with any fixed delays∑n
j=1 τj ∈ (0, τ¯ ), where
τ¯ =
β min
1≤i≤nαi
bc |λN | (a+ bc |λN |)
n∑
i=1
αi max
1≤i≤n
αi
< +∞. (22)
Proof. From (18), we have
v˙ki(t) =
n∑
j=1
bij (t) vkj(t)+ cλk
n∑
j=1
mij
(
t − τ ∗) vkj (t − τj)
=
n∑
j=1
(
bij(t)+ cλkmij
(
t − τj
))
vkj(t)− cλk
n∑
j=1
mij
(
t − τj
) ∫ t
t−τj
v˙kj (s) ds i = 1, 2, . . . , n. (23)
Moreover,
cλk
n∑
j=1
mij
(
t − τj
) ∫ t
t−τj
v˙kj (s) ds
= cλk
n∑
j=1
[
mij
(
t − τj
) ∫ t
t−τj
(
n∑
m=1
bjm (s) vkm (s)+ cλk
n∑
m=1
mjm
(
s− τj
)
vkm (s− τm)
)
ds
]
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≤ bc |λk|
n∑
j=1
∣∣∣∣∣
∫ t
t−τj
(
n∑
m=1
bjm (s) vkm (s)+ cλk
n∑
m=1
mjm
(
s− τj
)
vkm (s− τm)
)
ds
∣∣∣∣∣
≤ bc |λk|
n∑
j=1
∫ t
t−τj
a
n∑
m=1
|vkm (s)| + bc |λk|
n∑
m=1
|vkm (s− τm)| ds
≤ bc |λk|
n∑
j=1
τj (a+ bc |λk|) sup
t−τj−τm≤s≤t
n∑
m=1
|vkm (s)| . (24)
Define
Wk(t) =
n∑
i=1
αi |vki (t)| , (25)
then, its Dini derivation is
D+Wk(t) =
n∑
i=1
αiv˙ki (t) sgn (vki(t))
=
n∑
i=1
αi
(
n∑
j=1
(
bij (t)+ cλkmij
(
t − τ ∗)) vkj(t)− cλk n∑
j=1
mij
(
t − τ ∗) ∫ t
t−τj
v˙kj (s) ds
)
sgn (vki(t))
≤
n∑
j=1
n∑
i=1
αi
(
bij (t)+ cλkmij
(
t − τ ∗)) vkj(t)sgn(vki)
+ bc |λk| (a+ bc |λk|)
n∑
i=1
αi
n∑
j=1
τj sup
t−τj−τm≤s≤t
n∑
m=1
|vkm (s)|
≤ −β
n∑
j=1
∣∣vkj (t)∣∣+ c |λk| b (a+ bc |λk|) n∑
i=1
αi
n∑
j=1
τj sup
t−τj−τm≤s≤t
n∑
m=1
|vkm (s)|
≤ − β
max
1≤i≤n
αi
Wk(t)+ bcmin
1≤i≤nαi
|λN | (a+ bc |λN |)
n∑
j=1
τj
n∑
i=1
αi sup
t−τj−τm≤s≤t
Wk (s) .
By Lemma 1, this theorem is easily derived. 
In Theorem 4, a practical bound of the sum of the coupling delays is given. Similar to Corollary 1, one can obtain the
following Corollary for model (5):
Corollary 2. If there are n positive numbers αi (i = 1, 2, . . . n) and a positive number β for all k = 2, 3, . . . ,N, such that
αj
(
bjj(t)+ cλkajj
)+ n∑
i=1
i6=j
αi
∣∣bij(t)+ cλkajj∣∣ ≤ −β, j = 1, 2, . . . , n (26)
then the synchronized states (7) are asymptotically exponentially stable for the delayed network (5) with the sum of any fixed
delays
∑n
j=1 τj ∈ (0, τ¯ ), where
τ¯ =
β min
1≤i≤nαi
c max
1≤i≤n
αi max
1≤i,j≤n
aij |λN |
(
a+ max
1≤i,j≤n
aijc |λN |
)
n∑
i=1
αi
< +∞. (27)
5. Simulations
In order to illustrate the main results of the above theoretical analysis clearly, we consider a small-world network (NW
model) with 100 nodes, in which each node is a simple three-dimensional stable linear system described by [14]. The small-
world network is a kind of well-known complex network. In 1998, in order to describe the transition from a regular lattice
to a random graph, Watts and Strogatz (WS model) introduced the concept of small-world network [17]. It is notable that
the small-world phenomenon is indeed very common. The work on WS small-world networks has started an avalanche
of research on new models of complex networks, including some variants of the WS model. A typical variant was the
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Fig. 1. Synchronous errors versus time t of small-world networks (c = 0.2, τ = 0.001).
one proposed by Newman and Watts [18], referred to as the NW small-world model lately. With Matlab, we can obtain
λ2 = −0.5819 and λ100 = −11.6526.
Let c = 0.2, and each node is
(x˙i1, x˙i2, x˙i3)T = (−xi1,−2xi2,−3xi3)T , i = 1, 2, . . . , 100.
At the same time,
H (xi1, xi2, xi3) =
(
x2i1 (t − τ) , xi2(t − τ),−xi3 (t − τ)
)T
, i = 1, 2, . . . , 100.
Obviously,
B(t) = diag (−1,−2,−3) ,
and
M(t − τ) = DH (s(t − τ)) =
2e−(t−τ) 0 00 1 0
0 0 −1
 .
Next, we consider two cases separately that are discussed in this paper. That is (1) each node with same delays and (2) each
node with different delays.
Remark. In all simulations, the initial values are uniform.
5.1. Each node with same delays
According to the above conditions and Matlab, there is a positive-definite matrix
P =
[5.4454 0 0
0 5.4454 0
0 0 5.4454
]
and a positive β = 0.3044 which meet Theorem 2. At the same time, the synchronized states (7) are asymptotically
exponentially stable for the delayed network (1) with any fixed delays τ ∈ (0, τ¯ ) ,where τ¯ = 0.00156547.
In Figs. 1 and 2, we plot the curves of the synchronization errors between the states of node i and node i+ 1, where
yij(t) = xij(t)− xi+1,j (t) , (i = 1, 2, . . . , 100, j = 1, 2, . . . , 100) .
Obviously, in Fig. 1, it is because of τ = 0.001 that the errors tend to zero quickly. But, when we let τ = 0.02023, the value
of the first component of the errors grow big quickly.
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Fig. 2. Synchronous errors versus time t of small-world networks (c = 0.2, τ = 0.02023).
Fig. 3. Synchronous errors versus time t of small-world net (c = 0.2, τ1 = 0.01, τ2 = 0.014, τ3 = 0.001).
5.2. Each node with different delays
Based on Theorem 4 there are α1 = α2 = α3 = 1 and a positive β = 1.23276 which meet inequality (21), furthermore
we can obtain τ¯ = 0.02417. Figs. 3 and 4 show the curves of the synchronization errors between the states of node i and
node i+ 1, where
yij(t) = xij(t)− xi+1,j (t) , (i = 1, 2, . . . , 100, j = 1, 2, . . . , 100) .
In Figs. 3 and 4, we let
τ1 = 0.01, τ2 = 0.014, τ3 = 0.001
and
τ1 = 0.0201, τ2 = 6, τ3 = 10,
separately. Fig. 3 shows that the synchronized states (7) are asymptotically exponentially stable for the delayed network (1)
with any fixed delays τ ∈ (0, τ¯ ). But in Fig. 4, with any delays τ 6∈ (0, τ¯ ), the errors do not tend to zero.
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Fig. 4. Synchronous errors versus time t of small-world networks (c = 0.2, τ1 = 0.0201, τ2 = 6, τ3 = 10).
6. Conclusions
In this paper, the delay-dependent synchronization dynamics of general complex delayeddynamical network are studied.
The inner-function can be linear or nonlinear, and the time delays for each state can be different. Some simple and useful
criteria for synchronization of these kinds ofmodels to be delay-dependent exponentially stable are presented in termsof the
delay differential inequality. They provide concrete bound of the delays. Numerical simulations show the effectiveness and
feasibility of the proposed stability conditions. Though this paper can describe a lot of realistic complex networks, there still
exists some limitations. For example, the outer-coupling function is linear in the presented models and only the threshold
of the sum of all different delays can be described. Our future works will further investigate these limitations.
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